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1 Matroid

A matroid is a structure that abstracts and generalizes the notion of linear independence in vector
spaces, which was introduced in 1935 by Whitney and Nakasawa independently. There are many
different equivalent ways to define a matroid.

Definition 1.1 Suppose there is a set of vectors {v1,..., 0} over a field F. If there exist certain
scalars A1, ..., g in the same field F, and they are not all zero, such that \iT1 + XaTa+, ..., \eTp = 0,
where O denotes the zero vector. Then the set of vectors {U1, ..., Ui } is said to be linearly dependent.

Example 1.1 In the GF(2), it is know that: 0+0=0, 0+1=1, 1+1=0. Suppose A is the following
matriz in the GF(2).
el e2 e3 ed e5 eb e7

vl 1000 000

A v2 1 11 1010
v3 01 10100
vd | 0001 100
v5 000 0O0OT1TSFO

In the matriz A, we have:
0 0 0
1 1 0
€9 + €4 = 1 + 0 = 1 = €5

0 1 1
0 0 0

Since {ea, e}, {eq,e5}, {ea, e5}are all in independent, {ea,eq,e5} is not only a dependent set, also
a minimal dependent set.

In the matrix A, let E be the set of all column vectors: E = {e1, e2, €3, €4, €5, €6, €7}, and let C be
the minimal dependent sets, which are called circuits: C = {{e7}, {e2,e3},{e2,e4,e5},{€3,€4,€5}}.
The pair (E,C) is a matroid.

With the above example, the definition of a matroid using circuits can be obtained as following.

Definition 1.2 A matroid M is a pair (E,C), where E is a finite set, called the ground set, and
C is the collection of subsets of E, called circuits, which satisfies:

(1)@ ¢cC.
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(2) If Cy and Ca are in C, and Cy C Ca, then C; = Ca.
(8) If C1 and Cy are in C, C1 # Ca, and C1 N Cy # &, then ¥V e € C; NCq, and C contains a member
Cs, such that C3 C (C; UCq) — {e}.

The pair (E,C) is also called the vector matroid of the matrix A and is denoted by M[A].

Example 1.2 Suppose there is a graph G in Figure[l], the matriz A above is the incidence matriz
of the graph G. All spanning trees of the G are shown in Figure[3 These spanning trees are the
mazimal independent sets of the graph G.
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Fig. 1: The graph G in example
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Fig. 2: All spanning trees of the graph G in example



Definition 1.3 A set Z C E is independent if there are no circuits contained in T. If T is the
mazimum among the set of independent sets, then it is called mazximal independent set.

In Figure [2] each spanning tree is maximal independent. A maximal independent set is an
independent set that is not a subset of any other independent set. In terms of independence, a
matroid can be defined as following.

Definition 1.4 A matroid M is a pair (E, T), where E is a finite set, called the ground set, and
T is a collection of subsets of E, which satisfies the following properties:

(1) The empty set is independent, i.e., T # &.

(2) Every subset of an independent set is independent, i.e., If A € T and B C A, then B € Z. This
1s called hereditary property

(3) If A and B are in Z and | A |<| B |, then there exists e € B — A, such that AU{e} € Z. This

1s called augmentation property

With the definition |1.4] (3), suppose A and B are maximal independent sets, we have |A| = |B|.
All these maximal independent sets have the same sizes, and they are the bases of the matroid M.
A basis of a matroid is a maximal independent set. Analogously, a circuit is a minimally dependent
set of a matroid. The collection of maximal independent sets are know as the set of bases B. The
rank of the matroid M is the size of the sets in the bases B.

Example 1.3 Let G = (V, E) be a graph, the matching matroid M = (V, Z) for G corresponds to
U C V is independent if there exists a matching that covers all of U (and possibly other vertices). A
matching is a set of vertex disjoint edges. In Figure[d (a), {e1,e5} is a matching, however, {e1,es}
is not a matching. In Figure[3 (b), if U = {v1,va,vs}, there is a matching {{vi, v}, {vs,va}} that
covers vertices in U.
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Fig. 3: Graphs in example
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