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1 One property of the LP’s solution.

Our analysis is based on the standard form of LP problem.

min Lz
st. Az =9
x>0

Although LP problem can be expressed in other forms, but with some transformations, they all
can be expressed as the above form.

Theorem 1.1 If LP has an optimal Solution, then one of the solutions is at a vertex of P. P is

the feasible area.

Proof: Suppose Otherwise. then
id, Sit. |d>0: rtdeP

A(x+d)=b
Ax =b
= Ad=0

From the above steps we get conclusion that Ad=0, that means Ax=Db holds True, and x is on the
vertex of P [ |

Fig. l: x £deP

We can analyze this conclusion from two aspects. We assume ¢’'d > 0.
Case-1 (3j,dj<0)=3IA>0and 2’ =x+Xd st. 3Tk 2,=0 , x>0

o' =cl (x+ M) =claz+Ald>cTx
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The above formulas tell us that we can move x on the edge of the P, if we reach a vertex, then we
can enlarge the optimal value.

Case-2 (Vj , d; > 0)if c'd > 0 = when A — oo,c! (x + Ad) — oo. In this situation, only cLld
or ¢’'d = 0 then we can have meaningful min c¢’z. Also, we can try another d that satisfy the
Case-1.

2 Basic Feasible Solution
P=z|Az=b, x>0

P is called feasible region. x is an m + n dimension vector, it not only include original variables
but also slack variables. A is m X (m + n) dimension matrix.

Let B =i1,149,...,im B is the subset of A. If B is non-singular or is full rank, then a solution for
Az = b can be expressed as below. xp is the corresponding variable

AB.TB =b

If | B] < m then should choose some different columns from A.

We call g = Aélb a basic feasible solution if g > 0. Because x > 0. There is the possibility that
some elements of xp are not greater than 0, then it is not a feasible solution. Let’s make a simple
example

We have the following inequations.

e1: 21 —a2<6
e : r1+x2<6 el : 201 — 29+ 51 =6 s1>0
es: To <3 _ eol : 1 +x2+S0=26 S9 >0
e4 : -1+ x9 <2 esl : To+ 53 =3 s3>0
1 >0 eq) 0 —x1+ax9+54<2 s542>0
To >0
r1 Ty S1 S22 S3 S4 6
2 =1 1 0 0 0fe 6
A= 1 1 0 1 0 0jey b= 3
0 1 0 0 1 0fes 9
-1 1 0 0 0 1feq
2 -1 10 0 1/2 0 1/2
We choose B = {iy,12,13,i5} = (1) L 8 (1) we get Aglz (1) _11//22 8 ;)g
-1 0 0 0 —1/2 1 —1/2
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2 I T2 4
_ 4 xZ9 51 6
B B $1 . S9 0
—1 S3 53 -1
[sa]l L O]
The above z is a basic solution, but not a feasible one, because s3 = —1 violate the constrain.
10 0 0 0o 1/2 0 1/2
. 1 00 _ 0 1/2 0 1/2
So, h ther B = {is, i4,15,i6} = — A =
0, we choose another {i3,14,15,16} 0010 B | —1/2 0 32
0 001 0 —-1/2 1 -1/2

this is a feasible one.
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3 Pivoting

Pivoting is a technic used in Simplex method to find a better optimal value. It solves the problem
in this way. First, we find a feasible solution for the LP problem.

Second, find entering variable. We express the target function by the linear combination of non-
basis variables. Check the coefficient of these non-basis variables, and find the variable x, who has
the greatest positive coefficient among them. That means this variable has the fastest increasing
rate. Third, find a leaving basic variable. We find it by the minimal ratio rule. The smallest one
xg/x; x; is the basis variables. Four, exchange the entering variable with leaving variable, repeat
the steps from One to Third until we find that all the of optimal value expression’s coefficient are
all negative. That means the optimal value is not able to be increased.

Let’s take an example.

max z = 4x1 + 322 1 To X3 T4 04
201 + 310 +11 =24 — A = 2 3 1 0] b= [26] We find an initial basis B from A.
3x1 + 220 + x4 = 26 32 01

B = {is,i4}, and the non-basis is N = {i, i}

We already have a feasible solution for this LP problem.

Then let’s find the entering variable. For max 2z = 4x1 + 322 , so, x1 is the entering variable.
Then let’s find the leaving variable.

The ratio for 3 is 24/2 = 12

The ratio for x4 is 26/3

x4 has the minimal ratio. So, it is the leaving variable. Then we use the new B = {i1,i3} as the
basis. And we get the following result



1, _ 4
mar z = 5Ty — 34

20

3

2 1 26
:1:1—|—§x2+§x4: 3

We found there is still a positive coefficient in z. So, we need to continue. The entering variable is
obvious 9.

5 2
3.’1}'2 +CE3 — §x4 =

20
The ratio for z3 is - =4
3
26
The ratio for z1 is 4- = 13
3
So, x3 should be the leaving variable. Then we continue the calculation. And we use the new
max z = —%563 — %u

B = {i1,i2} as the basis. We get the following result [z + %.’Eg — %:1:4 =4 We find that all the
xl—%x3+%m4:6

coefficient of z have already been negative. So, it reaches the optimal.The optimal solution is

T =2x1,x2,23,24 = 6,4,0,0 and mazxr z = 36
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